Abstract. We present the validation of a recent fractional mathematical model for erythrocyte sedimentation proposed by Sharma et al. [13] . The model uses a Caputo fractional derivative to build a time fractional diffusion equation suitable to predict blood sedimentation rates. This validation was carried out by means of erythrocyte sedimentation tests in laboratory. Data on sedimentation rates (percentages) were analyzed and compared with the analytical solution of the time fractional diffusion equation. The behavior of the analytical solution related to each blood sample sedimentation data was described and analyzed.
Introduction
The study of differential equations with integer order has always proved important and useful in mathematics, in particular, for the formulation of mathematical models [1, 2, 3, 4, 5] . Several such models are based on ordinary or partial differential equations. However, for systems with many variables it is usually very difficult to build models that match reality.
Modeling such complex systems by means of a differential equation of non-integer order presents some advantages as compared with mathematical models that use only classical, integer order operators. Indeed, it has been realized that the use of differential equations of fractional order to model certain complex phenomena usually provides better descriptions of their behavior, allowing us to obtain more accurate information about the underlying physical systems [6, 7, 8, 9, 10, 11] . Thus, fractional calculus became popular because of its importance and relevance, specifically, due to its numerous applications in several fields of science and particularly in biology and medicine, in which the authors Sousa et al. [12] , using the Caputo fractional derivative, introduced a fractional mathematical model that describes the concentration of nutrients in blood, a parameter that affects Erythrocyte Sedimentation Rate (ESR) and which contain, as a particular case, the result obtained in [13] .
The paper is organized as follows: In section 2, we present a brief explanation about ESR, together with some tables showing analytical and clinical factors that affect erythrocyte sedimentation, increasing and decreasing ESR. A brief description of the erythrocyte sedimentation process and its three phases, rouleaux formation, precipitation and packaging closes the section. In section 3, we present our fractional mathematical model and the corresponding initial and boundary conditions. The analytical solution of the fractional model is presented and the solution of the mathematical model proposed by Sharma et al. [13] is recovered. In section 4 we present the experiments conducted in order to obtain experimental values (percentages) of ESR for 8 blood samples from 8 different individuals, which would be compared with the fractional mathematical model. The results are presented in two complete tables. In section 5, the main result of this paper, we validate the fractional mathematical model using data from the erythrocyte sedimentation tests of the 8 samples. We present some graphs and discuss the results obtained. Concluding remarks close the paper.
Erythrocyte Sedimentation Rate
ESR is a classic clinical test that measures how far erythrocytes settle into the bottom of a test tube over a 1 hour period. The test was originally described in 1897 by Biernacki in Poland [35, 36, 37, 38] . It was introduced by Fahraeus and Westergren at the beginning of the nineteenth century [19, 20, 21, 22] .
ESR is in fact a very imprecise test due to the influence of analytical factors such as temperature, table slope and stability, and clinical factors like anemia, giant cells, diabetes, AIDS, smoking, drinking, weight and even height, which can give rise to false-positive and false-negative results [23, 24, 25] .
Among clinical factors, the erythrocytes themselves and influence of plasma proteins, associated with inflammation are the ones that most influence ESR test results [26, 27] . Nevertheless, the role of ESR in clinical decision making under non-characteristic conditions has been reestablished in different settings, including rheumatology, hematology and even orthopedics [28, 29, 30, 31, 32, 33, 34] . Erythrocytes usually form aggregates, called rouleaux, which resemble piles of coins. However, the formation of rouleaux does not occur in the blood flow of a healthy human.
The erythrocyte sedimentation process can be divided in three phases: rouleaux formation, precipitation and packaging. Rouleaux formation is the most influential phase in determining the test result. Normally, red blood cells have negative charges on their surfaces and repel each other, while many plasma proteins have positive charges and neutralize the surface charges of erythrocytes, promoting aggregation. Thus, an increase in plasma proteins will be associated with higher ESR. Precipitation is the second phase of the erythrocyte sedimentation process; it occurs over a period of 40 min. Aggregates of erythrocytes fall under the influence of gravity at a constant rate. Large aggregates fall faster than small aggregates and isolated cells. The falling aggregates induce an upward plasma current that delays sedimentation. Finally, the packaging stage takes place during 10 min. The sedimentation rate decreases and cells begin to pack at the bottom of the tube. In this way, the erythrocyte sedimentation process is terminated [60, 61] .
Fractional mathematical model
In this section we describe, as a review, the fractional mathematical model by means of the Caputo fractional derivative and the corresponding analytical solution proposed by Sharma et al. [12] .
The concentration of nutrients in blood is a function C(x, t) twice continuously differentiable that satisfies the following non-homogeneous time-fractional partial differential equation (PDE),
∂t µ is the Caputo fractional derivative, with 0 < µ ≤ 1, D L is a positive constant and φ(x, t) is a function twice continuously differentiable describing the nutrient transfer rate and which satisfies the PDE
, with D and k both positive constants.
The initial and boundary conditions imposed here are given by
The solutions of the Eq.(3.2) can be written as
where
and a is a constant to be adequately chosen from a known value of φ (x, t).
Furthermore, we must impose the initial and boundary conditions for Eq.(3.1):
Thus, from these considerations, it follows that the time-fractional mathematical model to be addressed is composed of a non-homogeneous fractional PDE
, a, b ∈ R, with initial and boundary conditions given by Eq.(3.3) and 0 < µ ≤ 1
We solve this problem, employing the methodology of Laplace transform to convert the nonhomogeneous fractional PDE into a non-homogeneous linear ordinary differential equation.
Thus, the solution associated with our problem, i.e., a solution of Eq.(3.4) satisfying the conditions given by Eq.(3.3), is [12] C (x, t) = t
where E µ,γ (·) is the two-parameter Mittag-Leffler function, W(a, b; ·) is the Wright function [62] , and the parameters are given by
The solution given by Eq.(3.5) is AC n [0, b] and class C 2 , then substituting it in Eq.(3.4) and evaluating the calculation we verify that it satisfies the initial value problem [63] .
Note that, the solution of the fractional PDE in the limit µ → 1, recover the result by Sharma et al. [13] . For the erythrocyte sedimentation test, the Westergren [19, 20, 21, 22] method was adopted as the reference method for ESR measurement by the international council of ICSH [64, 65] . On this date, 8 samples were collected, 4 males and 4 females. We used a test tube of length 1 200 mm, but for evaluation purposes, we consider up to 120 mm height with an ambient temperature of 22º C and the angle between the tube and the table is 90º.
Patient blood samples were placed in test tubes containing no anticoagulant in the 8 samples. The height of the erythrocyte column in the test tube, in millimeters, was recorded at a 5 min interval for 1 hour, and was subsequently converted to sedimentation rate (percentage) according to the decreased proportion in height. The following tables indicate the values of ESR and clinical factors of the tests carried out on the 8 samples collected. Table 3 , below, describes the sedimentation rate of each individual as time progresses. A detailed description of some information from the individuals in whom erythrocyte sedimentation tests were performed are shown in Table 4 . An important observation related to Table 4 is the fact that besides presenting the ESR values (manual sedimentation), we also present the sedimentation performed in the automated system.
The reason for presenting these two versions, made manually and by device, is that the version via apparatus changes the properties of the blood and consequently the sedimentation. In this sense, it is necessary and important to present the difference between the two corresponding rates. 
Results and Discussion
In this section, we will present the graphs of the results obtained in the ESR realization and make some analysis and comparisons with the solution of the fractional diffusion equation Eq.(3.1). Discussions involving the sedimentation rate of erythrocytes, the data collected and the solution of the fractional diffusion equation, conclude the section.
We start with the analysis of Graphs 1-4, which represent the sedimentation rate of four males. With the purpose to look at the data of individuals, and plot their respective graphs, for a particular choice of the parameter 0 < µ ≤ 1, we tried to approach the analytic solution of the fractional diffusion equation and obtain more precise information on erythrocyte sedimentation behavior in that interval. Then, Graphs 1-4, allow to carry out an analysis of the sedimentation of erythrocytes. The graphs were plotted using the software MALTAB 6.10.
In order to look at the data and validate the fractional mathematical model, recently introduced by Sousa et al. [12] , the graphs present an expected behavior, in the sense that each individual has a certain clinical problem. The erythrocyte sedimentation behavior via a graphical analysis varies from individual to individual. Note that from the graph of male 1, the erythrocyte sedimentation behavior presents a characteristic similar to the solution of the fractional diffusion equation, that is, as it moves away from the border (x = 0), the concentration of nutrients decreases. On the other hand, the graphs of individuals 2 and 4, the characteristic of the sedimentation curve does not present a good behavior, this is due to the characteristics of each individual, from clinical factors among them, the age. However, if we perform other experiments, we could obtain better results and consequently the behavior of the ESR graph is somehow best viewed by the analytical solution given by Eq.(3.5). On the other hand, it is possible to note that the behavior of the analytical solution of Eq.(3.5) better approach the erythrocyte sedimentation of individual. In fact, it is possible to choose 1 n individuals and to study the graph that describes the ESR and thus to make the model more accurate.
The next Graphs 5-8, refer to the behavior of erythrocytes sedimentation for the other 4 individuals, in this case females. At first, it can be noted that the behavior of ESR of four female individuals presented in the four graphs above is in fact better and the solution of the fractional diffusion equation, the data tape better. However, in the same way that we can perform n tests of female individuals and find others in which the solution Eq.(3.5) tape the data more efficiently, making the fractional mathematical model able to offer information closer to reality in regards to erythrocyte sedimentation. In addition, it is worth noting that, as observed in the Graphs 1-8 the fractional mathematical model proposed by Sousa et al. [12] via a Caputo fractional derivative, allows a variation in the order of the derivative, and consequently in the analytical solution of the Eq.(3.1), making it possible to look better at the data. On the other hand, the mathematical model as proposed by Sharma et al. [13] does not allow this freedom to look at the data in the same way as our model. Thus, our fractional mathematical model allows a better reading of the data, that is, the concentration of nutrients in the blood, in relation to the model proposed by Sharma et al. [13] .
Concluding remarks
After a brief introduction to a fractional mathematical model used to describe the blood concentration of nutrients that influence the sedimentation rate of blood cells, we present the results of laboratory ESR tests with 8 samples, 4 males and 4 females, used to validate that mathematical model. For this sake, the results of sedimentation tests were compared, through graphical analysis, with the analytical solution of the mathematical model. Only 8 samples were enough to carry out this comparison and discuss the model. However, more tests, providing new data, would surely allow a better comprehension of the fractional mathematical model, making it more appropriate to describe reality.
A remarkable advantage of the fractional mathematical model is the freedom to choose the order of the derivative in it and, consequently, the analytical solution of the problem.
With the freedom given to parameter 0 < α ≤ 1, we were able to analyze the concentration of nutrients on certain intervals and regions in which the mathematical model proposed by Sharma et al. [13] cannot be used. Our model can thus provide information on the blood concentration of nutrients closer to reality.
In a future work, we intend to consider another type of fractional derivative [66, 67, 69, 68] , namely, a general problem of fractional space diffusion. After that we shall carry out the same sedimentation tests and shall use their results to analyze the capabilities of that new model for describing real living systems.
